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Outline of the Talk

> Well-posedness of the inner dynamic
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Outline of the Talk

> Well-posedness of the inner dynamic

> Stability of the wave equation
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Outline of the Talk

> Well-posedness of the inner dynamic
> Stability of the wave equation
» Compact embeddings
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System equation

Let 2 C R™ with Lipschitz boundary

5ot =Y o [ 5] MO0 + RO, teRicen,
=1

Q?(O,f) = 370(5)7 §en.
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System equation

Let 2 C R™ with Lipschitz boundary

5ot =Y o [ 5] MO0 + RO, teRicen,
=1

Q?(O,f) = 370(5)7 §en.

» 2(t,£) € R™ — the state variable of the system at time ¢ and position &,
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System equation

Let 2 C R™ with Lipschitz boundary

9] 0 .
i=1 >
517(0,5):‘%'0(5), 569
» 2(t,£) € R™ — the state variable of the system at time ¢ and position &,

> Py € R™*™ skew-symmetric,

N. Skrepek, Port-Hamiltonian systems on multidimensional spatial domains



System equation

Let 2 C R™ with Lipschitz boundary

’ S L8] el 6) + AH©(tE),  teRiEen
2(0,€) = zo(8), £eq.

» 2(t,£) € R™ — the state variable of the system at time ¢ and position &,

> Py € R™*™ skew-symmetric,
> H(E) € R™*™ strictly positive — the Hamiltonian density.
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System equation

Let 2 C R™ with Lipschitz boundary
0 N9 [0 L
50 = X gg [ 7| MO0+ PR, teRegen
2(0,8) = zo(8), e
» 2(t,£) € R™ — the state variable of the system at time ¢ and position &,

> Py € R™*™ skew-symmetric,
> H(E) € R™*™ strictly positive — the Hamiltonian density.

What boundary conditions make this system well-posed (existence and uniqueness of ;%=

i ? e
solutions)? ///74
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Notation

Let L = (L;)!" 4, where L; € R"™*"™2 and v the normal vector on 0. We define

n n
0
L@ = E aigsz and Ll, = E VZLZ
i=1 i=1
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Notation

Let L = (L;)!" 4, where L; € R"™*"™2 and v the normal vector on 0. We define

n n
0
L@ = E a&Lz and Ll, = E VZLZ
=1 i=1

Corresponding to L there is LT = (L;r)?:l
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Notation

Let L = (L;)!" 4, where L; € R"™*"™2 and v the normal vector on 0. We define

n n
0
L@ = E a&Lz and Ll, = E VZLZ
=1 i=1

Corresponding to L there is LT := (L), and clearly also

n n
3}
T. T T._ T
Ly = ;1 o, L; and L, = ;1 viL; .
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Notation

Let L = (L;)!" 4, where L; € R"™*"™2 and v the normal vector on 0. We define

n n
0
L@ = E a&Lz and Ll, = E VZLZ
=1 i=1

Corresponding to L there is LT := (L), and clearly also

n n
3}
T. T T._ T
Ly = ;1 o, L; and L, = ;1 viL; .

The corresponding domain is

H(Ly, Q) = {f € L2(Q) | Lof € L%(Q)}. O —
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Notation

This means we can rewrite the PDE

a B n a 0 L,

579 =2 3¢ |25 H©(t0) + R (©(t,9),
if we set x(t) = z(t,-) as

i(t) = {0 Lo

L7 0} Ha(t) + PoHaz(t).
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Notation

This means we can rewrite the PDE

Ot =Y - [ ] Hie)a(t,€) + P (E)a(t, ),

if we set x(t) = x(t,-) as
L
z(t) = [LOT Od} Hax(t) + PoHx(t).
G
=A
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Notation

This means we can rewrite the PDE

Ot =Y - [ ] Hie)a(t,€) + P (E)a(t, ),

if we set x(t) = x(t,-) as
L
z(t) = [LOT Od} Hax(t) + PoHx(t).
G
=A

We regard this abstract ODE on X = L%(Q) equipped with

1
<x7y>XH - §<$7Hy>L2(Q) ///‘
The energy of a state x € Xy, is ?//I—

B(z) = ||z]|%,, = (2, 2)x,
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Energy

The change of energy along solutions is given by

d d . .
g Ea(t) = 2(2(t), z(t) 2, = (2(2), 2()) 2, + {2(2), 2(8)) 2,

= Re(AHa(t), 2(t)) x,,
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Energy

The change of energy along solutions is given by

d d . .
g Ea(t) = 2(2(t), z(t) 2, = (2(2), 2()) 2, + {2(2), 2(8)) 2,

= Re(AHx(t), 2(t))a,, <0
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Energy

The change of energy along solutions is given by

d d . .
g Ea(t) = 2(2(t), z(t) 2, = (2(2), 2()) 2, + {2(2), 2(8)) 2,
<0

= Re(AHx(t), x(t)) xy, (dissipative)
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Energy

The change of energy along solutions is given by

d d . .
g Ea(t) = 2(2(t), z(t) 2, = (2(2), 2()) 2, + {2(2), 2(8)) 2,

= 2Re(AHxz(t), Hz(t)) 2(q) < 0 (dissipative)
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Energy

The change of energy along solutions is given by

d

SB(0) = S (a0), 2(0) 0, = (), 20 + (20 2(0) 0,

= 2Re(AHxz(t), Hz(t)) 2(q) < 0 (dissipative)

The original question can be reduced to

Which boundary condition make A a generator of a contraction semigroup?
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Example

82E3 — 83E2 0 *(93 (92 E1
rot £ = 83E1 — 81E3 = 83 0 —61 E2
81 E2 — 82E1 *82 81 0 E3
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Example

82E3 — 83E2 0 *(93 (92 FE
rot £ = 83E1—81E3 = 83 0 —61 E2
81 FEy — 82E1 —82 81 0 Es
0 0 O 0 01 0 -1 0 b,
=100 0 =1 4+02,|0 0 O|+03|1 0 O Ey
01 0 -1 0 0 0 0 O Es
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Example

=Ly
82E3 — 83E2 0 *(93 62 E1
rot £ = 83E1—81E3 = 83 0 —61 E2
81 E2 — 32E1 —82 81 0 E5
0 0 O 0 01 0 -1 0 Ey
=010 0 =14+ |0 0 0| +03|1 0 0 Ey
01 0 -1 0 0 0 0 O Es
N———
Hence, Ly = rot. =1 =Lsy =L3
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Example

rot B =

Hence, Ly = rot.

=Ly

—82E3 — 83E2 0 *83 (92 Ey

83E1 — 81E3 = 83 0 -0 FEs

_81 FEy — 82E1 —82 81 0 FEs
0 0 O 0 01 0 -1 0 FE
0110 0 =1 4+02|0 0 O0[4+03|1 0 0 Es
01 0 -1 0 0 0 0 O Es

—_———
=L =Ly =L3
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Example

0 0 O 0 0 1 0 -1 0 Eq
rotFE=(01 |10 0 —=1{+d |0 0 O+035(1 0 O FEs
01 0 -1 0 0 0O 0 O Es
———
Hence, Ly = rot. =L =L =Ls
0 —-v3 1»n Eq
LE=| v 0 —-wn| |E2|l =vxXE
—U9 1Z1 0 E3
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Example

0 0 O 0 0 1 0 -1 0 FEn
rotE=|0,(0 0 =1 +02|0 0 Of—+05(1 0 O FEs
01 0 -1 0 0 0 0 O Es
————
Hence, Ly = rot. =L =L =Ls
0 —U3 %] E1
L,,E = Vs 0 —11 EQ =vXxFE
—U9 1Z1 0 E3
Note L; = —L;r, consequently Lg = —Ly = —rot. PR
Y=
. 'é//’E
Dl [0 L [D] [ 0 rot][D Y=
B| |Lj 0][B] |-rot 0] |B %%‘
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Boundary triples

Let B a Hilbert space such that I';,I's: dom A — B is continuous.
(B,T'1,T'2) is a boundary triple for A, if

> (Az,y) + (x, Ay) = (T12,Toy) + (P2, T1y)

» and [11:1] : dom A — B x B is surjective.
2
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)

(Loz,y)i2(0) + (2, Ly y)i2() :/QZ<8iLix>y>+<x>aiL;ry> dA
=1
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)
(Loz,y)i2(0) + (2, Lo y)i2(0) = /QZ@‘L%?J) + (z, 0L y) dX
i=1

Q=1
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)
(Loz,y)i2(0) + (2, Lo y)i2(0) = /QZ@‘L%?J) + (z, 0L y) dX
i=1
= /QZ(aiLi%w + (Liz, Oiy) dA
i=1

—/Z&-<Lix,y> dA
=1
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)
(Loz,y)i2(0) + (2, Lo y)i2(0) = /QZ@LZ‘%?J) + (z,0;Ly) d\
i=1
@ i=1
= / > 0i(Liz,y) dA
=1

= i(Lix,y) d oy
/m;M z,y) dp Y=
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)
(Loz,y)i2(0) + (2, Lo y)i2(0) = /QZ@‘L%?J) + (z, 0L y) dX
i=1
i=1

—/Zﬁi<Lix,y> dA
=1

= i(Liz,y)d e
/m;M z,y) dp Y=
= (L0, 10¥)12(00) - /g/,a_
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)

(Lo, y)12(0) + (2, Lo y)12) = (L0, Y0u)L2(00)-
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)

(Lo, y)12(0) + (2, Lo y)12) = (L0, Y0u)L2(00)-

So for the actual differential operator of the system we have

S0 St B P A DO

= (Lowa, y1)12() + (w2, Ly v1) 120 + (Lo 21, y2)12(0) + (1, Lov2)2(0)
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Boundary operators
By the definition of Ly and L] we have for z,y € H((2)
(Loz,y)i2(0) + (@, Lo y)i2(9) = (Lo; Y0y)12(00)-
So for the actual differential operator of the system we have
o SN B =B L 10
T ’ ’ T
La 0 T2 Y2 L2(Q) x2 La 0 Y2 L2(Q)

= (Lowa, y1)12() + (w2, Ly v1)120) + (Lg 21, y2)12(0) + (1, Lov2) 2 ()
= (Luy0T2, %0Y1)L2(00) + (o1, Luvoy2)L2(a0)- Y=
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Boundary operators
By the definition of Ly and L] we have for z,y € H((2)
(Loz,y)i2(0) + (@, Lo y)i2(9) = (Lo; Y0y)12(00)-
So for the actual differential operator of the system we have
o SN B =B L 10
T ’ ’ T
La 0 T2 Y2 L2(Q) x2 La 0 Y2 L2(Q)

= (Lowa, y1)12() + (w2, Ly v1)120) + (Lg 21, y2)12(0) + (1, Lov2) 2 ()
= (Luy0T2, TLYOY1) L2 (00) + (mry071, Lyoy2)ieen) MY
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Boundary operators

By the definition of Ly and L] we have for z,y € H((2)
(Loz,y)i2(0) + (@, Lo y)i2(9) = (Lo; Y0y)12(00)-
So for the actual differential operator of the system we have
o SN B =B L 10
T ’ ’ T
La 0 1) Y2 L2(Q) ) La 0 Y2 L2()

= (Lowa, y1)12() + (w2, Ly v1) 120 + (Lo 21, y2)12(0) + (1, Lov2)2(0)
= (LuoT2, TLY0Y1)L2(00) + (mry0m1, Lyoy2)izen) MY

We define the boundary operators I'y [} ] :== mpy0x1 and T's [31] == Lyyoxo.
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Boundary operators

Let A = [Log Loé’] Then we have for z,y € H! ()

(Az,y) + (x, Ay) = (T'12,Tay) + (Pox, T1y),

where

n
I':ax— 71'[,%’1‘69 and T'2: 2+ Lyyrs = ZViLixQ‘aﬂ'
i=1
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Boundary operators

Let A — [LOJ LOB] Then we have for z,y € H! ()

(Az,y) + (2, Ay) = (12, Tay) + (Do, T'1y),

where

n
I'i:ax— 7rL:L’1|aS2 and T'y: x+— Lyyoxo = g VZ'LiSUQ‘aQ.
i=1

Unfortunately, in general it is not possible to continuously extend these mappings on ’/_—=
dom A = H(LJ, Q) x H(Ly, Q) with codomain L2(99). >
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Quasi Gelfand triple

Fi > ordi Gelfand tripl
'gure: ordinary “seltand tripie Figure: quasi Gelfand triple

(,y)x 2y = lim (20, yn) x,
Yn—Y
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Solution via Quasi Gelfand triple

L2(59)

dom A Iy
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Solution via Quasi Gelfand triple

L2(59)

I'h

dom A /\

VL
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Solution via Quasi Gelfand triple

L2(59)

I'h

dom A /\

VL 1%
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Boundary triple
For z,y € HY() we had

(Az,y)12(0) + (2, Ay)12() = (T2, T2y)12(00) + (22, T1y)12(80)-
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Boundary triple
For z,y € HY() we had

(Az,y)12(0) + (2, Ay)12() = (T2, T2y)12(00) + (22, T1y)12(80)-

However, we can extend this abstract green identity for z,y € dom A

(Az,y)12(0) + (@, Ay)12() = (T1z, Tay)y, v, + Doz, Tiy)yr v,
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Boundary triple
For z,y € HY() we had
(Az,y)12(0) + (2, Ay)12() = (T2, T2y)12(00) + (22, T1y)12(80)-
However, we can extend this abstract green identity for z,y € dom A

(Az,y)12(0) + (@, Ay)12() = (T1z, Tay)y, v, + Doz, Tiy)yr v,

Clearly, there exists a unitary duality mapping ¥ between V; and V1. Hence,

(Az,y)L2(0) + (7, AY)12(q) = (T1z, YT2y)y, + (Y2, T1y)y, .
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Back to the pivot space

Let (B+,T'1,¥Ty) be a boundary triple for A such that (B, By, B_) is a quasi Gelfand
triple, where U s the duality mapping between B and B_. Furthermore, let
Vi, Vo € L(By, K), where K is another Hilbert space. We define

D = {CL € dom A ‘ Fla,PQQ € BQ and [Vl VQ] [E;} @ = 0}

Then A‘ IS a generator of a contraction semigroup, if

> [ V2] ’B+><B_ is closed,
» ker [Vi V2| is dissipative i.e. (x,y) <0, if Vi + Voy = 0 and ?/4;_
> ViVs + Vol > 0. o —
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Back to the pivot space

Let (V1,,I'1, WT'y) be a boundary triple for A such that (Vp,,L*(99),V}) is a quasi
Gelfand triple, where U is the duality mapping between Vy, and V; . Furthermore, let
Vi, Vo € L(L2(0R),K), where K is another Hilbert space. We define

D = {a € domA‘Fla,Fga € L%(09Q) and [vi V2] [11:;} a= O}.

Then A‘ [, Is a generator of a contraction semigroup, if
> [V 2] ‘vaV’L is closed,
» ker [Vi V2| is dissipative i.e. (x,y) <0, if Viz + Voy = 0 and
> V3 + WV > 0.

SN
|I||‘

N
i

N
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Proportional Feedback

)= 3 7=t

i
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Proportional Feedback

Feedback u(t) = —ky(t).
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Proportional Feedback

Feedback u(t) = —ky(t).
This gives the domain with boundary conditions

dom A — {x € H(LT, Q) x H(Lo, Q) | Lo + krpay = o}
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Example: wave equation

Let t € Ry and 2 C R™.

O w(t.0) =~ div (1(0) V w(t.0))
oz p(¢) e

0
aw(tv C) = 07

Choosing z(t) = [pvf%ﬂitf))} leads to

N. Skrepek, Port-Hamiltonian systems on multidimensional spatial domains

() = {g dév] L% ;] 2(8).

¢eq

¢ eTy.



Example: wave equation

#(t) = {g dév] 2(t), where w(t) = {”(éw“zfi)')}

/
3

N
Mdin

ALK

N. Skrepek, Port-Hamiltonian systems on multidimensional spatial domains



Example: wave equation

#(t) = {g d(i)v] 2(t), where w(t) = {”@U"Zf))}

For uniqueness of solution we would choose the state space L?(2) x L?(£2)", does not
fully respect the structure of the wave equation, as the second component is a gradient
field.
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Example: wave equation

mo{g %qxuy where mw{%ﬂﬁ&f]

For uniqueness of solution we would choose the state space L?(2) x L?(£2)", does not
fully respect the structure of the wave equation, as the second component is a gradient

field. Hence,
L2(Q) x VHY(Q)

is more adequate.
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Example: wave equation

#(t) = {g d(i)v] 2(t), where w(t) = {”@U"Zf))}

For uniqueness of solution we would choose the state space L?(2) x L?(£2)", does not
fully respect the structure of the wave equation, as the second component is a gradient

field. Hence,
L*(Q) x V Hp, ()

is more adequate.
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Example: wave equation

#(t) = {g d(i)v] 2(t), where w(t) = {”@U"Zf))}

For uniqueness of solution we would choose the state space L?(2) x L?(£2)", does not
fully respect the structure of the wave equation, as the second component is a gradient

field. Hence,
L*(Q) x V Hp, ()

is more adequate. The domain of the differential operator is then

HE, () x (V HE, () N H(div, Q) .
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Proportional Feedback

u(t) = Lyws(t),

u N
i(t) = |:£T Iﬂ z(t), (IS
0 7
y(t) = wra(t). L=k |

Feedback u(t) = —ky(t). This gives the domain with boundary conditions

dom A — {x e H(LL, Q) x H(Lo, Q) | Lo + krpay = o}.
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Proportional Feedback

u(t) = v - yoxa(t),

. L
)= [g ] = L]
—k L
L7

y(t) = vz1(t).

Feedback u(t) = —ky(t). This gives the domain with boundary conditions

domA = {z ¢ H%()(Q) x H(div, Q) | v - yow2 + kyow1 = 0 on T'1 }.
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Resolvent set

Assume \ # 0.

where = =[] and /= [ 4],
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Resolvent set

Assume \ # 0.

where = =[] and /= [ 4],

dives + A\z1 = f1
Vo +Aza = fo
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Resolvent set

Assume \ # 0.

where = =[] and /= [ 4],

dives + Az = fi =  divizs 4+ X2z = A
V$1+A$2:f2 = )\.’EQZfQ*VfL'l
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Resolvent set

Assume \ # 0.

where x = [71] and f = Hﬂ

dives + Az = fi =  divizs 4+ X2z = A
V$1+A$2:f2 = )\.’EQZfQ*VfL'l

Hence,

div(fo — V1) + )\21‘1 = \f1 Wé_
)\70$1 + kv - ’70)\.’172 =0 /ZI’E—
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Resolvent set

Assume \ # 0.

where x = [71] and f = Hﬂ

dives + Az = fi =  divizs 4+ X2z = A
V$1+A$2:f2 = )\.’EQZfQ*VfL'l

Hence,

diV(fQ — V.%’l) + )\2$1 = )\fl %‘_
Myor1 + kv -vo(fa — Vi) =0 /g/’s-
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Importance of state space

=A
——
j:_Odivx
|V 0

domA = {x € H%O(Q) x H(div, Q) |v - yox2 + kyox1 =0 on I';}
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Importance of state space

=A

——
i 0 div .
|V 0

domA = {x € H%O(Q) x H(div, Q) |v - yox2 + kyox1 =0 on I';}
Let ¢ € C(2) \ {0} and

—020
o
xl(t) = 07 x?(t) = 0
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Importance of state space

=A
—

i 0 div .
|V 0
domA = {x € H%O(Q) x H(div, Q) |v - yox2 + kyox1 =0 on I';}

Let ¢ € C(2) \ {0} and

—0a¢
0o
Il(t) = 0, I‘Q(t) = 0
. —
Then z(t) is an unstable solution (constant), because /Z/;,E_
div za(t) = —0105¢ + 916 = 0 Y4
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Importance of state space

=A
—

i 0 divx
|V oo
dom A = {z € Hp, (Q) x VHp, () NH(div, Q) | v - yoz2 + kyozy = 0 on 'y}

Let ¢ € C(2) \ {0} and

—0a¢
0o
Il(t) = 0, I‘Q(t) = 0
. —
Then z(t) is an unstable solution (constant), because /Z/;,E_
div za(t) = —0105¢ + 916 = 0 Y4
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Stability

With the correct state space we get the following result

The semigroup generated by

0 div
a=[v

dom A = {z € H}, (Q) x VHp, (Q) NH(div, Q) | v - yoz2 + kyoz1 = 0 on T'1}

is semi-uniformly stable.
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Compact embedding

Let
X = VHE(@) 0 {f € H(div, @) | v- ], € LT},

115 = [1F 1120y + I1div FllZ2 0y + 11120,y

Then X <& L2(Q).
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Compact embedding

Let
X = VHE(@) 0 {f € H(div, @) | v- ], € LT},
115 = [1F 1120y + I1div FllZ2 0y + 11120,y

Then X <& L2(Q).

Proof. Let (f,)nen be a bounded sequence in X (W.l.o.g. bounded by 1). For every
n € N there exists a ¢, € Hf, () such that

Von = fn oy =
By Poincaré’s inequality we have ?/,—

”(bnuL? < CHV¢HHL2 = CanHL2 <C. //';:
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Compact embedding

By Poincaré’s inequality we have
[fnllz < CIV ¢nllz = Cllfallz < C.

Hence, (¢, )nen is a bounded sequence in H'(Q) and in H/2(99).
By the compact embeddings

cpt

HY(Q) <

cpt

L2(Q) and H72(0Q) < L2(6Q)

(én)nen is Cauchy in L2(€2) and L2(09).
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Compact embedding

(én)nen is Cauchy in L2(€2) and L2(09).
an - fm”EZ(Q)

= <fn - fm7 v(¢n - ¢m)>L2(Q)
= —(div(fa = fim): on — Sm)rz) + (V- (fa = fin)s o0 — dm)L2(r))

< ||diV(fn - fm)HLQ(Q)H@bn - ¢wz||L2(Q) + HV ’ (fn - fm)”LQ(I‘1)||¢n - d)mHLQ(IH)

< 2¢n — dmlliz() + 2l — dmllery)

Hence, (f,)nen is also a Cauchy sequence in L%().

N. Skrepek, Port-Hamiltonian systems on multidimensional spatial domains



Compact embedding

Let
X = VHE (Q)N {f € H(div, Q) ‘ v flp, € L2(P1)},
115 = 1£ 11220y + I1div £lI2 0y + 1120,y

cpt

Then X < L2(9).
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Compact embedding

Let

X = VHE (Q)N {f € H(div, Q) ‘ v flp, € L2(P1)},
115 = 1£ 11220y + I1div £lI2 0y + 1120,y
Then X <& L2(Q).

Note that rot f =V x f. Hence

rot V Hp, () = V x VHf, (Q) = {0}
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Compact embedding

Let
X = VHE (Q)N {f € H(div, Q) ‘ v flp, € L2(P1)},
115 = IfIIE2q + 141 P2y + 112,y
Then X <& L2(Q).
Note that rot f =V x f. Hence
rot V Hp, () = V x VHf, () = {0}. oy

In other words V Hp, () € kerrot C H(rot, ©2). ?//E

N. Skrepek, Port-Hamiltonian systems on multidimensional spatial domains



Compact embedding

Let
X = VHE (Q)N {f € H(div, Q) ‘ v flp, € L2(P1)},
115 = 1£ 11220y + I1div £lI2 0y + 1120,y
Then X <& L2(Q).

Note that rot f =V x f. Hence

rot V HE (Q) = V x VHE () = {0}. Y=
. =
In other words V Hp, () € kerrot C H(rot, ©2). //,=

We want to generalize the theorem such that we can replace V Hlle(Q) by H(rot, ). //;-
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Compact embedding

Let
X = Ho(rot, ) N H(div, Q)
1F1% = £ 1122 (q) + llrot flIEzq) + Idiv fliz(q)-

cpt

Then X < L2(Q).
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Compact embedding

Let
X = Hr,(rot, ) N Hr, (div, )
1F1% = £ 1122 (q) + llrot fliEzq) + Idiv fli2(q)-

cpt

Then X < L2(Q).

N
WX
Nidire

SN
N
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Compact embedding

Let
X = Ho(rot, ) N H(div, Q)
1F1% = £ 1122 (q) + llrot flIEzq) + Idiv fliz(q)-

cpt

Then X < L2(Q).
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Compact embedding

Let
X ={f € H(rot, Q) |v x f =0} NH(div, )
115 = 1£1IZ2(q) + llrot fliEzq) + Idiv fliEzq) + v % FliZ2(a0)-

cpt

Then X < L2(Q).
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Compact embedding

Let
X = {f € H(rot, Q) | v x f € L2(9Q)} N H(div, Q)
1£1% = IflIEz(q) + llrot FlIEz(q) + div flIE2q) + 17 % fllE2a0)-

cpt

Then X — LQ(Q).
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Compact embedding

Let
X = {f € H(rot, Q) | v x f € L2(9Q)} N H(div, Q)
1£1% = IflIEz(q) + llrot FlIEz(q) + div flIE2q) + 17 % fllE2a0)-

cpt

Then X — LQ(Q).
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Compact embedding

Let
X = {f €H(rot,Q) | v x f € L*(To)} N {f € H(div,Q) | v- f € L*(T1)}
1F1% = £ 1122 () + lIrot fllzqy + 1div fllE2qy + v % FliZ2mg) + 17 - FliE2y-

cpt

Then X < L2(Q).
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Future directions

Higher order (e.g. Kirchhoff plate is second order)

>
» Stability/stabilization for general port-Hamiltonian systems
» Spatial dependency of L;

>

Differential algebraic port-Hamiltonian systems
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Thank you for your attention!
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