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Motion system description
Motivation

System description in frequency domain

G(s) =
G2

s2 +
G1

s
+ G0 + Gst (s)︸ ︷︷ ︸

Gflex (s)

, s ∈ C. (1)

Definition

For the system described by the transfer function (1), we define the
compliance function by the following limit:

G0 = lim
s→0

(
G(s)− G2

s2 −
G1

s

)
. (2)

ωassumed (t) = ω2
t2

2
+ ω1t + ω0 + ωst (t). (3)
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Cauchy problem

Let X and U be an infinite dimensional Hilbert space. The general
damped model to be considered is described as:

ω̈(t) + dA0ω̇(t) +A0ω(t) = Bu(t), (4)
ω(0) = 0, ω̇(0) = 0,

where A0 : D(A0) ⊆ X → X be a self-adjoint, non-negative operator
with a compact resolvent. B : U → X .

ż(t) =

[
0 I
−A0 −dA0

]
︸ ︷︷ ︸

A0

z(t) +

[
0
B

]
u(t),

where z = [ ωω̇ ] ∈ Z := D(A
1
2
0 )× X and D(A0) = D(A0)× D(A

1
2
0 ).
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Time domain approach

X = span{ϕ1, ϕ2, ϕ3, · · · , ϕn+1, · · · }.

By taking u(t) = u0, t ≥ 0 and the assumed output, the following set
of equations are obtained:

A0ω2 = 0,
A0ω1 + dA0ω2 = 0,
A0ω0 + dA0ω1 + ω2 = Bu0,

ω̈st (t) + dA0ω̇st (t) +A0ωst (t) = 0,
ωst (0) = −ω0, ω̇st (0) = −ω1.

A0ϕk = λkϕk , with

{
λk > 0, if k ≥ N + 1
λk = 0, 1 ≤ k ≤ N ,

where λk are the eigenvalues of A0.
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Time domain approach
Theorem

ω2 =
N∑

k=1

αkϕk ω1 = 0, ω0 =
∞∑

k=N+1

βkϕk ,

where
αk = 〈ϕk ,Bu0〉, βk =

〈ϕk ,Bu0〉
λk

.

Frequency domain approach
The transfer function from u to ω of (4) equals

G(s) = (s2 + sdA0 +A0)−1B.

since ω(s) = G(s)u0 and using the orthonormal basis of X ,

ω(s) =
∞∑

k=1

〈ϕk , ω(s)〉ϕk =
∞∑

k=1

〈ϕk ,Bu0〉
s2 + sdλk + λk

ϕk .
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Frequency domain approach
By separating the calculation for λk = 0 and λk > 0, we have:

ω(s) =
N∑

k=0

〈ϕk , ω〉ϕk +
∞∑

k=N+1

〈ϕk , ω〉ϕk

=
N∑

k=0

〈ϕk ,Bu0〉
s2 ϕk +

∞∑
k=N+1

[
ak

s − µk,1
+

bk

s − µk,2

]
ϕk .

Hence

G2u0 =
N∑

k=0

〈ϕk ,Bu0〉φk , G1 = 0,

G0u0 =
∞∑

k=N+1

〈ϕk ,Bu0〉
µk,1µk,2

ϕk =
∞∑

k=N+1

〈ϕk ,Bu0〉
λk

ϕk .
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Boundary control problem
Let’s consider:

ω̈(t) + dAω̇(t) +Aω(t) = 0, ω(0) = 0, ω̇(0) = 0, (5)
B0ω(t) = 0,
Bcω(t) = u(t).

A0 = A, D(A0) = {z ∈ D(A) | B0z = 0 and Bcz = 0}.
Let’s define B ∈ L(U,X ) such that for all u ∈ U, Bu ∈ D(A), the
operator AB is an element of L(U,X ) and,

B0Bu = 0, and BcBu = u.

〈z,Ax〉X = 〈A0z, x〉X − 〈Qz,Bcx〉U, x ∈ D(A) ∩ kerB0, z ∈ D(A0),

where Q is a linear operator from D(A) to U.

v̈(t) + dA0v̇(t) +A0v(t) = −Bü(t)− dABu̇(t)−ABu(t), (6)
v(0) =ε− Bu0, v̇(0) = −Bu̇0.
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Time domain approach

Aω2 = 0,
Aω1 + dAω2 = 0,
Aω0 + dAω1 + ω2 = 0,
ω̈st (t) + dAω̇st (t) +Aωst (t) = 0,
ωst (0) = ε− ω0, ω̇st (0) = −ω1.{

B0ω2 = 0, B0ω1 = 0, B0ω0 = 0, B0ωst = 0,
Bcω2 = 0, Bcω1 = 0, Bcω0 = u0, Bcωst = 0.

Theorem

ω2 =
N∑

k=1

αkϕk ω1 = 0, ω0 =
∞∑

k=N+1

βkϕk ,

αk = 〈u0,Qϕk 〉U , βk =
〈Qϕk ,u0〉U

λk
.
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Frequency domain approach
The transfer function from u to ω equals

G(s) = −(s2 + sdA0 +A0)−1(s2B + dABs +AB) + B.

ω(s) =
N∑

k=0

[
1
s

d〈Qϕk ,u0〉+
1
s2 〈Qϕk ,u0〉

]
ϕk +

∞∑
k=N+1

[
〈Qϕk ,u0〉

(
dµk,1 + 1
µk,2 − µk,1

1
s − µk,1

+
dµk,2 + 1
µk,2 − µk,1

1
s − µk,2

)]
ϕk .

Hence

G2u0 =
N∑

k=1

〈Qϕk ,u0〉ϕk , G1u0 = dG2u0,

G0u0 =
∞∑

k=N+1

〈Qϕk ,u0〉
λk

ϕk .
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One-dimensional Wave equation

∂2ω

∂t2 =
∂2ω

∂x2 + d
∂3ω

∂t∂x2 ,

∂ω

∂x
(0, t) = 0,

∂ω

∂x
(1, t) = u0.

ω(x ,0+) = 0,
∂ω

∂t
(x ,0+) = 0,

Time domain approach
ω1 = 0
A0ω2 = 0,
Aω0 + ω2 = 0,

→ ω2(x) = −u0, ω0(x) = −u0
x2

2 + C4.

Extra condition ωst (x ,0+) = −ω0(x)
So ω0 lies in the stable part of system∫ 1

0 ωst (t = 0)dx =
∫ 1

0 −ω0(x)dx = 0,→ ω0(x) = 1
6 u0(−1 + 3x2).
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Wave equation-Time domain approach
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Wave equation-Frequency domain approach

s2W (s, x) = (ds + 1)
d2W (s, x)

dx2 ,

dW (s,0)

dx
= 0,

dW (s,1)

dx
= u1. (7)

G(s) =

√
1 + ds cosh( sx√

1+ds
)

s sinh( s√
1+ds

)
,

For all s ∈ Ω =

{
s ∈ C | s 6= −dk2π2±kπ

√
d2k2π2−4

2 , i = 1,2, k = 0,1,2, · · ·
}

.

G2(x) = lim
s→0

(s2G(s)) = 1,

G1(x) = lim
s→0

s(G(s)− G2

s2 ) = d ,

G0(x) = lim
s→0

(G(s)− G2

s2 −
d
s

) =
1
6

(−1 + 3x2).
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Kirchhoff plate model

ρhω̈ + κT [D]κ︸ ︷︷ ︸
A

ω + cd κ
T [D]κ︸ ︷︷ ︸
A

ω̇ = 0, (x , y) ∈ Ω× [0,∞)

where

K =
[
∂2

∂x2
∂2

∂y2
∂2

∂x∂y

]T
,

[D] =
Eh3

12(1− ν2)

1 ν 0
ν 1 0
0 0 1

2 (1− ν)

 .
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Kirchhoff plate model-Time domain approach

κT [D]κω2 = 0,

κT [D]κω1 + dκT [D]κω2 = 0,

κT [D]κω0 + ω2 = 0,

ω̈st (t) + cdκ
T [D]κω̇st (t) + κT [D]κωst (t) = 0,

ωst (0) = ε− ω0, ω̇st (0) = 0.

Boundary control problem

A0 = κT [D]κ with D(A0) = D(A) ∩ kerB.

Bu is defined by Bu = b(x , y)u0 where b(x , y) is a function and
is contained in the domain of A with BBu0 = u0 ∀u0 ∈ R and
AB = I.

A0ω0 + ω2 = u01Ω(x , y).

∆2B(x , y) = 1.
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Kirchhoff plate model-numerical solution

Compliance function ω0
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Inertia function ω2
1

Numerical simulation is performed by Daniel Veldman, a graduate PhD student from
Eindhoven University of technology, The Netherlands.
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Kirchhoff plate model-numerical solution

Inertia function ω2 Compliance function ω0
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Numerical simulation is performed by Daniel Veldman, a graduate PhD student from
Eindhoven University of technology, The Netherlands.
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Conclusion

Conclusion
A general abstract formulation for the mechanical flexible system
is studied at low frequency.
The low order approximation is investigated for the boundary
control systems.
Numerical solution for the compliance function of the Kirchhoff
plate is studied.
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Publications and Secondments
Publications

"Time domain approach toward the calculation of the
compliance function of flexible motion systems " presented
at 21st IFAC World Congress, Germany, July 11-17, 2020.
"Linear-time-varying feedforward control for
position-dependent flexible structures" presented virtually at
European Control Conference (ECC 2020), 12-15 May, 2020.
“Compliance feedforward of flexible structures” presented at
the 38th Benelux Meeting on Systems and Control, Lommel,
Belgium, 19 – 21 March, 2019.

Secondments

Secondments Supervisor’s name Date
Claude Bernard University Prof.dr. B. Maschke M16
ASML Dr.ir. M. Heertjes M23
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My future next journey
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Thank You !
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